Abstract. Let (R, m, k) be a local Noetherian ring, let M be a finitely generated R-module and let I ⊂ R be an m-primary ideal. Let F = {F i , ∂ i } be a free resolution of M . In this paper we study the question whether there exists an integer h such that I n F i ∩ ker(∂ i ) ⊂ I n−h ker(∂ i ) holds for all i. We give a positive answer for rings of dimension at most two. We relate this property to the existence of an integer s such that I s annihilates the modules Tor R i (M, R/I n ) for all i > 0 and all integers n.
Introduction
In this paper (R, m, k) denotes a local Noetherian ring, and all modules are finitely generated. As general reference we refer to [1, 4] .
Let I be an ideal of R, let M be an R-module and N a submodule of M . The Artin-Rees lemma states that there exists an integer h depending on I, M and N such that for all n ≥ h one has (1.0.1)
A weaker property, which is often the one used in applications, is
Much work has been done to determine whether h can be chosen uniformly, in the sense that (1.0.2) would be satisfied simultaneously for every ideal belonging to a given family; see [3, 6, [8] [9] [10] [11] . We study another kind of uniformity.
(1.1) Theorem. Let (R, m, k) be a local Noetherian ring with dim R ≤ 2. Let M a finitely generated R-module and I ⊂ R an m-primary ideal. There exists an integer h such that for every free resolution F = {F i , ∂ ) for all i ≥ 1 and all n > h. The main motivation for this work is a theorem due to Eisenbud and Huneke [5, Theorem 3 .1]): Let M be an R-module and let F = {F i , ∂ F i } be a free resolution of M . If for every non-maximal prime ideal p of R the R p -module M p has finite projective dimension and its rank is independent of p, then there exists an integer h such that (1.1.1) holds.
To prove Theorem 1.1 we study the annihilators of the modules Tor (1.2) Theorem. Let (R, m, k) be a local Noetherian ring, let r be an integer and let F be a family of ideals. Assume that one of the following conditions holds:
(1) dim R = 1, r = 2 and F is the family of all m-primary ideals; (2) dim R = 2, r = 3 and F is the family of all parameter ideals.
Then there exists an integer h such that
for every R-module M , every integer n, every j ≥ r and every I ∈ F.
In the next section we define syzygetically Artin-Rees modules and study the case where the ring is Cohen-Macaulay. In Section Three we study uniform annihilators for certain Tor-modules. In Section Four we prove Theorems 1.2 and 1.1 (see Theorems 4.4 and 4.5) for rings of dimension one, and in Section Five we prove them (see Theorems 5.4 and 6.1) for rings of dimension two.
Syzygetically Artin-Rees modules
Given an R-module M and F = {F i , ∂ (2.1) Lemma. Let M be an R-module and let I be an ideal of R. Let h be an integer. The following conditions are equivalent:
(1) for every free resolution
holds for all i > 0 and n > h for a free resolution G of M if and only if it holds for the minimal free resolution F of M .
(2.2) Definition. Let (R, m, k) be a local Noetherian ring. Let M be a finitely generated R-module, let I be an ideal of R and let h be an integer. An R-module M is syzygetically Artin-Rees of level h with respect to I if one of the equivalent conditions of Lemma 2.1 holds.
Let F be a family of ideals. If there exists an integer h such that (2.1.1) holds for every ideal I ∈ F then we say that M is syzygetically Artin-Rees with respect to F, or simply syzygetically Artin-Rees if F is the family of all ideals. For the second statement, notice that tensoring with a faithfully flat extension commutes with inclusions and intersections.
The proof of the next theorem is due to D. Katz. For the proof we need two lemmas.
(2.6) Lemma. Let F be an R-module, K be a submodule of F and set M = F/K. Let J = (a 1 , . . . , a l ) be an ideal generated by an M -regular sequence. Then
. . , a l ) = 0. We want to prove that Φ 0 is the zero polynomial, which implies that the coefficients of Φ are in K. Since Φ 0 (a 1 , . . . , a l ) = 0 ∈ J n+1 M , the coefficients of Φ 0 are in JM , by [1, Theorem 1.1.7] . Therefore, there exists a homogeneous polynomial Φ 1 ∈ M [x 1 , . . . , x n ] of degree n + 1 such that Φ 1 (a 1 , . . . , a l ) = Φ 0 (a 1 , . . . , a l ) = 0. By repeating this argument we can see that the coefficients of Φ 0 are in J n M for every n and therefore they are zero by the Krull Intersection Theorem.
(2.7) Lemma. Let (R, m, k) be a Cohen-Macaulay local ring with infinite residue field. Let I be an m-primary ideal of R and let J ⊂ I a minimal reduction with reduction number h. If M is a maximal Cohen-Macaulay R-module and
is an exact sequence of R-modules with F finitely generated, then
. . x d is a regular sequence on M . For every i > 0 and for every n > h we have
Now we are able to give the proof of Theorem 2.5. 
Uniform annihilators of Tor modules
In this section we explore the relation between modules that are syzygetically Artin-Rees and the annihilators of a certain family of Tor modules.
(3.1) Lemma. If M is a finitely generated R-module and if F is a minimal free resolution of M , then one has
for every j > 0.
it is enough to consider the case j = 1. Tensor the exact sequence
n to obtain the exact sequence
The modules An immediate application of the previous lemma gives a stronger Artin-Rees property for the syzygies of the residue field.
(3.2) Theorem. Let (R, m, k) be a local Noetherian ring. If F = {F i } is the minimal free resolution of R-module k, then there exists an integer h such that
) for all n > h and all i > 0. Proof. By [7, Corollary 3.16] there exists an integer h such that for n ≥ h and for all j ≥ 1:
Hence, for every n ≥ h, we have:
where the first isomorphism holds by Lemma 3.1. In particular the two modules
m n Ω R j (k) have the same length and therefore they are equal. We have the following chain
(3.3) Definition. Let M be a family of finitely generated R-modules, let F be a family of ideals of R and let h be an integer. We say that Tor j (M, ) is uniformly
If (3.3.1) holds for every j ≥ 1, then we say that Tor(M, ) is uniformly Fannihilated at level h.
Note that the phrase 'at level h' is dropped if h is not explicitly specified. When M consists of a single module M and F consists of a single ideal I, we say that Tor(M, ) is uniformly I-annihilated.
(3.4) Lemma. Let M be an R-module, let I be an ideal of R and let j, h be an integers. The following hold.
Proof. For the first statement, let x ∈ ann R (Tor j (M, R/I n )). Lemma 3.1 yields
. For every n > h, one has
By Lemma 3.1 one has x ∈ ann R (Tor
For the second statement, notice that
An immediate consequence of Lemma 3.4(2) is the following It is natural to ask the following.
(3.7) Question. Let (R, m, k) be a local Noetherian ring. Let I ⊆ R be an mprimary ideal of R and let M be a finitely generated R-module. If Tor(M, ) is uniformly I-annihilated is M syzygetically Artin-Rees with respect to I?
In the next section we shall use the following.
(3.8) Lemma. Let M be an R-module and let F be a family of ideals of R. If there exist integers h and q such that Tor i (M, ) is uniformly F-annihilated at level h for every i ≥ q, then Tor(M, ) is uniformly F-annihilated.
Proof. Let s be an integer as in 2.3 for the R-modules
Rings of dimension one
In this section we prove that every R-module over a one dimensional ring is syzygetically Artin-Rees. Proof. For the first statement, if x is a superficial element, then there exists an integer c such that (I n : x) ∩ I c = I n−1 for all n > c. Therefore, (1) There exists an integer r > 0, depending only on the ring, such that for every m-primary ideal I there exists a reduction (x) ⊂ I such that Zariski-open U subset of I/mI such that each element r ∈ U is superficial for I, we may assume that x is superficial for I with respect to R, (see [15] ). n ∩ J = I n−h1 (I h1 ∩ J) for all ideals I. For I now an arbitrary m-primary ideal, apply (1) for R/J to get an integer h 2 and set h = max{h 1 , h 0 + max{h 0 , h 2 }}. Then
for every ideals I and every n > h; for details see [14, Proposition 2.11]. Proof. Without loss of generality we may assume that the residue field is infinite. Since any higher Tor module can be realized as Tor 1 , for (1) it is enough to prove that Tor 1 (N , ) is uniformly F-annihilated. n we obtain the exact sequence
be a surjective homomorphism where F is a finitely generated free R-module and let K be the kernel. Let h 2 be an integer as in 4.3(1). By Lemma 2.7 one has I h2 (I n F ∩ K) ⊂ I n K, for every I ∈ F. Lemma 3.1 yields the equality I h2 Tor The previous theorem contains Theorem 1.2(1), while the following is a stronger version of Theorem 1.1 for one-dimensional rings.
(4.5) Theorem. Let (R, m, k) be a Noetherian local ring of dimension one. Then each finitely generated R-module M is syzygetically Artin-Rees.
Proof. Without loss of generality we may assume that the residue field is infinite. By Proposition [6, 2.3] it is enough to show that M is syzygetically Artin-Rees with respect to the family of all m-primary ideals. Let F be a free resolution of M . For every m-primary ideal I, choose a reduction (x) ⊂ I and h 1 as in 4.3 (1) . Let c an integer as in 4.2(2) and let h 2 be an integer as in Theorem 4.4 (2) . Let h = max{h 1 , h 2 }. Then for every j > 0 and every n > 2h + c we have
, and therefore
Uniform annihilators in dimension two
In this section we prove Theorem 1.2(2). We need two lemmas. The first one can be found in [16, 2.2.6] . We include the proof for completeness. 
Proof. The equality x Tor R 1 (R/(a, b) n , M ) = 0 follows from the second equality in (5.1.1), as the ring homomorphism A → R induces a surjective homomorphism Tor (A/(a, b) i , M ) as the homology of the complex (m 1 , . . . , m i+1 ) is in ker(φ 2 ), then in the localized module M b one has m = φ 1 (n), where n = (n 1 , . . . , n i ) and
resulting from m being in ker(φ 2 ) yields xn j ∈ M , and xm ∈ Image φ 1 . Proof. From the following exact sequence
The assumption on h 0 gives This lemma is used in the proof of the next theorem, (see Theorem 1.2(2)). We shall find bounds for h 0 and h 1 that do not depend on the module M . In that way we obtain a power of the maximal ideal that annihilates the Tor 1 module and does not depend on M .
(5.4) Theorem. Let (R, m, k) be a two-dimensional complete local ring. If M is the family of R-modules which are second syzygies and F is the family of parameter ideals, then Tor(M, ) is uniformly F-annihilated.
Proof. We may assume that k is infinite. Since any higher Tor can be realize as Tor 1 it is enough to show that Tor 1 (M, ) is uniformly F-annihilated. Let 0 = q 1 ∩ · · · ∩ q s ∩ Q 1 ∩ · · · ∩ Q n be a primary decomposition of the zero ideal, such that dim(R/q i ) = 2 for i ≤ s, and dim(R/Q i ) ≤ 1 for i ≤ n. Let q = q 1 ∩ · · · ∩ q s .
For any second syzygy M we may choose an exact sequence
We define submodules of M as follows:
By induction on i we will prove that there exists an integer l i such that
for every parameter ideal I and every n > 0. The case i = n will prove the proposition since M = M/M n . Let us prove the claim for i = 0. The R-module R/q is generalized CohenMacaulay. For it, notice that the associated primes of R/q are the minimal primes of R. In particular R/q is an equidimensional local ring and it is Cohen-Macaulay after localizing at a prime different from the maximal ideal. In particular there exist integers k 0 , k 1 Assume that the claim holds for some i ≥ 0. Consider the exact sequences
From the corresponding long exact sequence of Tor we need to find an h such that m h Tor 1 (M i /M i+1 , R/I n ) = 0 for all n > 0, for all parameter ideals and for all second syzygies M .
Consider the following short exact sequence
where G is a free R-module. By Lemma 3.4(2) it is enough to find an integer h i not depending on the parameter ideal I and on the module M such that 
By the inclusion (5.4.4) we can bound above such power by the a power of the maximal ideal annihilating H
, which does not depend on the module M .
An application of Lemma 3.8 gives the following: (5.5) Corollary. Let (R, m, k) be a two-dimensional complete local ring. If M is a finitely generated R-module and F is the family of all parameter ideals, then Tor(M, ) is uniformly F-annihilated.
Syzygetycally Artin-Rees modules in dimension two
In this section we prove Theorem 1.1 for two-dimensional rings.
(6.1) Theorem. Let (R, m) be a two-dimensional local ring. Let I ⊂ R be an m-primary ideal. Then every finitely generated R-module M is syzygetically ArtinRees with respect to I.
Proof. Without loss of generality we may assume that the ring is complete and the residue field is infinite. Let J ⊆ I be a reduction of I. By countable prime avoidance (see [2, Lemma 3] ) we can choose a system of parameters x, y such that y is a non-zero-divisor on all the modules Ω 
for every i > 0 and for every n > 0 and for every ideal K generated by a system of parameters. Let h 2 the least integer such that
Let h 3 be the least integer such that
Finally, an application of the Artin-Rees Lemma and the fact that H 0 m (R) is a finite length module gives an integer h 4 such that
I
h4 ∩ H 0 m (R) = 0. We claim that for n > h 0 + h 1 + h 2 + h 3 + h 4 and for every i ≥ 2 we have
. By the choice of J and h 2 we have for such n
, where the last inclusion is given by the choice of h 1 ,x and Lemma 3.1. So
Let r ∈ J n−h2 Ω By the choice of h 3 we have x h1 s ∈ (x h1 )F i−1 ∩ y n−h2−h1 F i−1 = ((x h1 ) ∩ (y n−h2−h1 ))F i−1 ⊆ x h1 y n−h1−h2−h3 F i−1 .
Therefore we can write x h1 s = x h1 y n−h1−h2−h3 v with v ∈ F i−1 and s − y n−h1−h2−h3 v ∈ (0 : x h1 ) ∩ I n−h1−h2−h3 F i−1 .
Since x is a superficial element and n − h 1 − h 2 − h 3 > h 0 , we have 
